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Abstract. Let g be a simple finite dimensional Lie algebra and let A be a commutative 
associative algebra with unity. Global Weyl modules for the generalized loop algebra g (g> A 
were defined in [6] [7] for any dominant integral weight A of g by generators and relations and 
further studied in [J. They are expected to play a role similar to that of Verma modules 
in the study of categories of representations of g ® A. One of the fundamental properties of 
Verma modules is that the space of morphisms between two Verma modules is either zero or 
one-dimensional and also that any non-zero morphism is injective. The aim of this paper is 
to establish an analogue of this property for global Weyl modules. This is done under certain 
restrictions on g, A and A. A crucial tool is the construction of fundamental global Weyl 
modules in terms of fundamental local Weyl modules given in Section 3. 



Introduction 

In this paper, we continue the study of representations of loop algebras and, more generally, 
of Lie algebras of the form Q<g>A, where q is a complex finite-dimensional simple Lie algebra and 
A is a commutative associative algebra with unity over the complex numbers. To be precise, 
we are interested in the category Za of g <g> ^-modules which are integrable as g-modules. 
One motivation for studying this category is that it is closely related to the categories T 
and J-q of finite-dimensional representations, respectively, of affine Lie and quantum affine 
algebras, which has been a subject of considerable interest in recent years. The categories Za, 
T and T q fail to be semi-simple, and it was proved in [6] that irreducible representations of 
the quantum affine algebra specialize at q = 1 to reducible indecomposable representations 
of the loop algebra (obtained by taking A = C[t, i" 1 ]). This phenomenon is analogous to 
the one observed in modular representation theory, where an irreducible finite-dimensional 
representation in characteristic zero becomes reducible by passing to characteristic p and is 
called a Weyl module. 

This analogy motivated the definition of Weyl modules (global and local) for loop algebras 
in [6]. Their study was pursued for more general rings A in [4] and [7]. Thus, given any 
dominant integral weight of the semi-simple Lie algebra q one can define an infinite-dimensional 
object Wa(X) of 1a, called the global Weyl module, via generators and relations. It was 
shown (see [4] for the most general case) that if A is finitely generated, then Wa(^) is a 
right module for a certain commutative finitely generated associative algebra A\, which is 
canonically associated with A and A. The local Weyl modules are obtained by tensoring the 
global Weyl module Wa(X) over A\ with simple A^-modules or, equivalently, can be given 
via generators and relations. 
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The local Weyl modules have been useful in understanding the blocks of the category J- a of 
finite-dimensional representations of g ® A, and the quantum analogs are used to understand 
the blocks in T„. One motivation for this paper is to explore the use of the global Weyl 
modules to further understand the homological properties of the categories J- a and Xa- The 
global Weyl modules have nice universal properties, and one expects them to play a role similar 
to that of the Verma modules M(A) in the study of the Bernstein-Gelfand-Gelfand category 
O for g. One of the most basic results about Verma modules is that Hom g (M(A), M(//)) is of 
dimension at most one and also that any non-zero map is injective. In this paper we prove 
the following analogue of this result. 

Theorem 1. Suppose that g = sl r +i or g = sp 2r and A = C[t] or C[t ±:L ]. Then 



and every non-zero element of ~H.om Ql g, a(Wa(X),Wa(^)) is injective. 

A more general version of this statement is provided in Theorem [3l Note that instead 
of having dimension one, the Horn-spaces become free modules of rank one over A^. This 
of course reflects the fact that the "top" weight space of M(A) is one-dimensional, while for 
VFa(A) it is isomorphic to A^ as a A,\-module. It should be noted that, although the vanishing 
of Horn for fj, ^ A definitely fails for g of other types, as shown in the remark in §6.11 we still 
expect that all non-zero elements of Hom gi g )J 4(I4 / A(^)> Wa(X)) are injective. 

As is natural, one is guided by the representation theory of quantum affine algebras and 
the phenomena occurring in T q . It is interesting to note that Theorem [31 for instance, fails 
exactly when the irreducible finite-dimensional module in the quantum case specializes to a 
reducible module for the loop algebra. We conclude by noting that global Weyl modules are 
also defined for quantum affine algebras and similar questions can be posed in the quantum 
case. Some of these have have been studied in pQ using crystal bases. However, it should be 
noted that the results in the quantum case do not specialize to the classical case. The results 
in the classical case are sometimes different from those in the quantum situation. One of the 
reasons is that the local fundamental Weyl module is always irreducible in the quantum case, 
while its classical analogue is often reducible. 

We now explain in more detail the organization and results of this paper. In Section [1] 
we fix the notation and recall the basic facts on global Weyl modules that will be necessary 
for the sequel. The main results are formulated and discussed in Section [21 together with 
their relation with the quantum case. Section [3] contains properties of the algebras A^ and 
local Weyl modules which are needed later. One of the principal difficulties in working with 
global Weyl modules is their abstract definition. However, when A is the ring of (generalized) 
Laurent polynomials, it admits a natural bialgebra structure which can be used to reconstruct 
a fundamental global Weyl module Wa(wi) from a local Weyl module. This explicit realization 
of fundamental Weyl modules plays a crucial role in proving our main results and occupies 
Section |4] (Proposition I4.4f) . It is not hard to deduce from the definition of global Weyl 
modules that there exists a canonical map from Wa(A) to a suitable tensor product of global 
fundamental Weyl modules. Our next result (Theorem [2] and its Corollary 12 .2 j> studies the 
more general problem of describing the space of g <8> A- module homomorphisms from I40i(A) 




x, /i = A 
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to an arbitrary tensor product of fundamental global Weyl modules. The structure of the 
fundamental local Weyl modules was given in [4] for all classical simple Lie algebras and for 
certain nodes of exceptional Lie algebras. This information and the realziation of fundamental 
global Weyl modules provided by Proposition 14.41 allows one to establish Theorem [2J 

In Theorem [3l we use Theorem[2]to compute Hom g(X , J 4(W^(A), Wa([J>)) when A is the ring 
of polynomials or Laurent polynomials in one variable and under suitable conditions on fi. 
We are able to do this because one has a lot of information (see [U El [TOj, Q3]) on global 
Weyl modules in this case. We are also able to use a result of [7] and Theorem [2] of this 
paper to compute Honigg, a(Wa{\) , Wa(^)) when q is of type s[ r+ i, /i is a multiple of the first 
fundamental weight and A is the (generalized) ring of Laurent polynomials in several variables. 
This is done in Section El of the paper. 



In this section we establish the notation to be used in the rest of the paper and then recall 
the definition and some elementary properties of the global Weyl modules. 



1.1. Let C be the field of complex numbers and let Z (respectively Z + ) be the set of 
integers (respectively non-negative integers). Given two complex vector spaces V, W let 
V <S> W (respectively, Hom(V, W)) denote their tensor product over C and (respectively the 
space of C-linear maps from V to W). 

Given a commutative and associative algebra A over C, let Max^4 be the maximal spectrum 
of A and mod A the category of left ^4-modules. Given a right yl-module M and an element 
m G M, the annihilating (right) ideal of m is 



1.2. For a complex Lie algebra a let U(a) be the associated universal enveloping algebra. 
It is that the assignment x i— > x ®1 ® x for x G o extends to a homomorphism of algebras 
A : U(o) — > U(o) <g> U(a) and defines a bialgebra structure on U(a). In particular, if V, W are 
two a-modules then V®W and Homc(V, W) are naturally U(o)-modules and W (&V = V® W 
as U(a)-modules. One can also define the trivial a-module structure on C and we have 



Suppose that A is an associative commutative algebra over C with unity. Then a (£> A is 
canonically a Lie algebra, with the Lie bracket given by 



1. Global Weyl modules 



Annyi m 



{a G A : m.a = 0}. 



V a = {v £ V : av = 0} = Hom (C, V). 



[x <g) a, y ® b] = [x, y] <g> ab, 



x, y G o 



a,b G A. 



We shall identify o with the Lie subalgebra a ® 1 of a (g> A. Note that for any algebra homo- 
morphism ip : A — >• A' the canonical map 1 ® </? : q ® A —> q A' is a homomorphism of Lie 
algebras and hence induces an algebra homomorphism U(g ® A) — > U(g <8> A'). 



1 



M. BENNETT, V. CHARI, J. GREENSTEIN, N. MANNING 



1.3. Let g be a finite-dimensional complex simple Lie algebra with a fixed Cartan sub- 
algebra f). Let $ be the corresponding root system and fix a set {at : i G /} C rj* (where 
/ = {1, . . . , dim f)}) of simple roots for <3>. The root lattice Q is the Z-span of the simple roots 
while Q + is the Z + -span of the simple roots, and & + = <J> n Q + denotes the set of positive 
roots in <3?. Let ht : Q + — > Z + be the homomorphism of free semi-groups defined by setting 
ht(aj) = l,i€l. 

The restriction of the Killing form K:gxj->Ctof)x() induces a non-degenerate 
bilinear form (•,•) on fj*, and we let {oji : i G 1} C f)* be the fundamental weights defined 
by 2(ujj,ai) = 5ij(ai, ai), i,j G /. Let P (respectively P + ) be the Z (respectively Z + ) span 
of the {oji : i G 1} and note that Q Q P. Given A, /i G P we say that < A if and only if 
A — /x G Q + - Clearly < is a partial order on P. The set <J> + has a unique maximal element 
with respect to this order which is denoted by 9 and is called the highest root of <E> + . From 
now on, we normalize the bilinear form on f)* so that (9, 9) = 2. 

1.4. Given a G let Q a be the corresponding root space and define subalgebras of q 

by 

ae<E>+ 

We have isomorphisms of vector spaces 

g^n-ef)0n + , U( 8 )^U(n^U(l))®U(n + ). (1.1) 

For a G <I >+ , fix elements G 0± Q and h a G f) spanning a Lie subalgebra of isomorphic to 
5I2, i.e., we have 

and more generally, assume that the set {s„ : a G U {hi := /iq, 4 : i G /} is a Chevalley 
basis for g. 

1.5. Given an ^-module V, we say that V is a weight module if 

V = v i» V„ = {veV :hv = n(h)v, h G fj}, 

and we set wt V = {/x G f)* : 7^ 0}. If dim < 00 for alll /i G f)*, let ch V be the character 
of V, namely the element of the group ring Z[f)*] given by, 

ch V = dim V At e(/i), 

where e(/j) G Z[f)*] is the element corresponding to fj, G f)*. Observe that for two such modules 
Vi and V21 we have 



ch(Vx © V2) = ch Vx + ch F 2 , MYx ® V2) = ch Fich y 2 - 
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1.6. For A 6 P + , let V(X) be the left g-module generated by an element v x with defining 
relations: 

hv x = X(h)v x , x+ t vx = 0, (x-) A ^) +1 « A = 0, 
where h G f) and % G I. It is well-known that V(X) is an irreducible weight module, and 

dimF(A)<oo, dimV{X) x = l, wtV(X) C X-Q+. 

If V is a finite-dimensional irreducible g-module then there exists a unique A G P + such that 
V isomorphic to to V(X). We shall say that V is a locally finite-dimensional g-module if 

dimU(g)w < oo, v £ V. 

It is well-known that a locally finite-dimensional g-module is isomorphic to a direct sum of 
irreducible finite-dimensional modules, moreover 

V^nV n+ ^Rom s (V(fx),V), /[/ G P + . 

1.7. Assume from now on that A is an associative commutative algebra over C with unity. 
We recall the definition of the global Weyl modules. These were first introduced and studied in 
the case when A = C[t,i -1 ] in [6] and then later in [7] in the general case. We shall, however, 
follow the approach developed in [3J. 

Definition. For A G P + , the global Weyl module Wa(X) is the left U(g® A)-module generated 
by an element w x with defining relations, 

(n+ ® A)w x = 0, hw x = X(h)w x , (x-.) x ^ +1 w x = 0, 

where h G f) and i & I. □ 

It is clear that is not isomorphic to Wa(a*) if A ^ fj,. 

Suppose that ip is an algebra automorphism of A. The defining ideal of VKa(A) is clearly 
preserved by the automorphism of U(g ® A) induced by the Lie algebra automorphism 1 ® <p 
of g ® A (cf. 11.21) . and we have an isomorphism of g ® A-modules, 

W A (X) * (1 ® <p)*W A (X). (1.2) 

1.8. The following construction shows immediately that Wa(A) is non-zero. Given any 
ideal 3 of A, define an action of g ® A on V(X) ® A/3 by 

(x ® a)(u <8> &) = xv ® a&, x G g, a G A, b G A/3, 

where a is the canonical image of a in A/3. In particular, if a £ 3 and h G f) is such that 
A(/i) ^ we have 

(ft®a)(« A ® 1) = A(/i)u A ®a / 0. (1.3) 

Clearly if 3 G Max A, then 

y(A) ® A/3 ^ F(A) 

as g-modules and hence v x ® 1 generates V(A) ® A/3 as a g-module (and so also as a g ® A- 
module). Since i>a ® 1 satisfies the defining relations of Wa(X), we see that V(A) ® A/3 is a 
non-zero quotient of W A {X). 
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1.9. Given a weight module V of g <g> A, and a Lie subalgebra a of g <8> A, set 

The following lemma is elementary. 
Lemma. For A € P + the module W A (X) is a locally finite-dimensional Q-module and we have 

W A (X) = W A (\)x- ri 

which in particular means that wtVI^4(A) C A — Q + . IfV is a g® A-module which is locally 
finite-dimensional as a Q-module then we have an isomorphism of vector spaces, 

Rom g ® A (W A (X),V)^vf® A . □ 

1.10. The weight spaces Wa{^)\-t) are not necessarily finite-dimensional, and to under- 
stand them, we proceed as follows. It is easily checked that one can regard WOi(A) as a right 
module for U(f) <S> A) by setting 

(uw\)(h <g) a) = u(h <g> a)w\, u£U(g®i), h G f), a G A. 

Since U(fj ® A) is commutative, the algebra A\ defined by 

A A = U(rj <g) A) I Ann u(h0A) w x 

is a commutative associative algebra. It follows that W^(A) is a (g <8> A, A^-bimodule and 
that for all 77 € Q + , the weight space Wa(A)a-?j is a right A^-module. Clearly 

W A (X)x =a a A A , 

where we regard A\ as a right A^-module through the right multiplication. The following is 
immediate. 

Lemma. For A G P + , rj G Q + the subspaces WaWxL ti and W A (X)^® A are A\-submodules 
ofW A (X) and we have 

W A (X)f = W A (X)f ® A = W A (X)\. 

Further, if fx G P + , t/ie space Hom fl( g lA (W A (//), PFa(A)) /ias i/ie natural structure of a right 
Ax-module and 

Rom 9 ® A (W A (fi), W A {X)) ^ Ax W A (X) n +® A . □ 

1.11. 

Lemma. For A G P + , a G A A i/ie assignment w\ —> w\& extends to a well-defined homomor- 
phism W A {X) — > W A (X) of g <g> A-modules and we have 

Kom s ® A (W A (X),W A (X)) —a.\ A\ - Aa W A (X)f® A . 

Proof. Since W^A) is a (g<g)A, A^-bimodule, it follows that w\& satisfies the defining relations 
of W A (X) which yields the first statement of the Lemma. For the second, let ir : W A (X) — > 
W A (X) be a nonzero g (8> ^-module map. Since W A (X)\ = U(rj ® A-)wa> there exists u w G 
U(rj <8) A) such that tt(wa) = UnW\- Since 7r is non-zero, the image u n of u n in Aa is non-zero. 
Thus, we obtain a well-defined map Hom s ,g )A (W A (X),W A (X)) — > A\ given by tt h-> f%. It is 
clear that the map is an isomorphism of right A^-modules and the lemma is proved. □ 
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2. The main results 

2.1. For s = (si) ieI € Z+, set 

A* = (g)A®« W A {s) = (g)W A {cj i f s % Ws = (g)<% (2.1) 

i€/ «€/ i<=I 

where all tensor products are taken in the same (fixed) order. Given k, £ € Z + let TZk,e 
be the algebra of polynomials Cfij 1 , . . . , tt 1 , ui, . . . , ug\ with the convention that if k = 
(respectively ^ = 0), T^o/ (respectively 72.^^) is just the ring of polynomials (respectively 
Laurent polynomials) in I (respectively k) variables. 

2.2. The main result of this paper is the following. 

Theorem 2. Assume that A = IZk/ for some k,£ € Z+. For all s € Z™ and fi € P + , we have 

Rom^ A (W A (ji), W A (s)) - As W0i(8)f ® A = ( (g)(W^K) n+ ® A )® Si ) . (2.2) 

In the case when g is a classical simple Lie algebra, we can make (|2.2p more precise. Let Jo 
be the set of i £ / such that a, occurs in 6 with the coefficient 2/ {on, ai). In particular, Iq = I 
for g of type A or C. Given s = (sj)i 6 / £ Z+ and A € P + , let c s (A) G Z + be the coefficient of 
e(A) in 

n^nf e ( J+ " _1 W 2J ) 

ieib if£ib \0<j'<i/2 V J / 

where wo = 0. 

Corollary. Let A € P + and s £ Z+. Assume either that g is no£ an exceptional Lie algebra 
or that Si = if i ^ Lq. We have 

Hom s ® A {W A {\),W A {s)) ^ As A s ffiCs(A) , 
where we use the convention that A® Cs ^ = if c s (A) = 0. 

2.3. Our next result is the following. Recall from Lemma f 1 . 1 II that for all A € P + we have 
Hom 00A (W A (A),V^4(A)) —Ax A A . 

Theorem 3. Let A be the ring 7£o,i or lZ\ t o. For all u = Yliei s i° J i e -f + with Sj = if i ^ /o> 
and all A € P + , we have 

Hom^A^A), W A (n)) = 0, if A ^ p. 

Further, any non-zero element of Hom g ® A {W A {/J,) , W A {fJ,)) is injective. An analogous result 
holds when A = TZk/, k, £ G Z + , g = s[ n+ i and fi = su)\. 
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2.4. We now make some comments on the various restrictions in the main results. The 
proof of Theorem [2] relies on an explicit construction of the fundamental global Weyl modules 
in terms of certain finite-dimensional modules called the fundamental local Weyl modules. 
A crucial ingredient of this construction is a natural bialgebra structure of 1Zk t £- The proof 
of Corollary 12.21 depends on a deeper understanding of the g-module structure of the local 
fundamental Weyl modules. These results are unavailable for the exceptional Lie algebras 
when k + £ > 1. In the case when k + £ = 1, the structure of these modules for the exceptional 
algebras is known as a consequence of the work of many authors on the Kirillov-Reshetikhin 
conjecture (see [3] for extensive references on the subject). Hence, a precise statement of 
Corollary 12.21 could be made when k + £ = 1 in a case by case and in a not very compact 
fashion. The interested reader is referred to [9] and 

2.5. Before discussing Theorem [3j we make the following conjecture. 

Conjecture. Let A = lZk,t f° r some k,£ 6 Z + . Then for all A € P + and s € Z™ , any non-zero 
element of Hom^ a(Wa(^),Wa(s)) is injective. 

The proof of Theorem [3] will rely on the fact that this conjecture is true (see Section 5 of 
this paper) when k + £ = 1 and Sj = if i £ 1$ as well as on the fact that the fundamental 
local Weyl module is irreducible as a g-module if i £ Iq. We shall prove in Section 5 using 
Corollary 12.21 and the work of [7] that the conjecture is also true when g = sl r +i and A = suj\. 
Remark 16.11 of this paper shows that Hom 0(X , y 4(W y i(A), Wa{h)) can be non-zero if we remove 
the restriction on /i. 

2.6. Finally, we make some remarks on quantum analogs of this result. In the case of 
the quantum loop algebra, one also has analogous notions of global and local Weyl modules 
which were defined in [6], and one can construct the global fundamental Weyl module from 
the local Weyl module in a way analogous to the one given in this paper for A = C[t, t -1 ]. It 
was shown in [6] for the quantum loop algebra of SI2 that the canonical map from the global 
Weyl module into the tensor product of fundamental global Weyl modules is injective. For the 
general quantum loop algebra, this was established by Beck and Nakajima (pp) using crystal 
and global bases. They also describe the space of extremal weight vectors in the tensor product 
of quantum fundamental global Weyl modules. 



3. The algebra Aa and the local Weyl modules 

In this section we recall some necessary results from [4] and also the definition and elemen- 
tary properties of local Weyl modules. 

3.1. For r € Z + the symmetric group S r acts naturally on A® r and on (MaxA) xr and 
we let {A® r ) \ r be the corresponding ring of invariants and (Max A) xr /S r the set of orbits. If 
r = r± + • • • + r n , then we regard S ri x • • • x S rn as a subgroup of S r in the canonical way, i.e. 
<S ri permutes the first r\ letters, S r2 the next r2 letters and so on. Given A = Yliei r i UJ i e 
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set 



r A = ]T r i5 S x = S n x • • • x S rn , A A = (A***) 3 * 



(3.1) 



Max A A = (Max A) rx /Sx. 



(3.2) 



The algebra A\ is generated by elements of the form 




Ti+lH Hn) 



aeA,ieI. (3.3) 



k=0 



The following was proved in [5J Theorem 4]. 

Proposition. Let A be a finitely generated commutative associative algebra over C with trivial 
Jacobson radical. Then the homomorphism of associative algebras U(f) ® A) — > Aa defined by 



3.2. For A, ^ G P + , it is clear that the tensor product VF A (A) ® Wa(/w) has the natural 
structure of a (g ® A, A a ® A At )~module. We recall from [3] that, in fact, there exists a 

AA+ft)-bimodule structure on W A (A) ® VT A (/n). 

It is clear from Definition 1 1 . 71 that the assignment w\+^ i— > wx^w^ defines a homomorphism 
r A,/i : W" A (A + /i) — > W^(A) ® W^(/x) of ® A-modules. The restriction of this map to 
Wa(X + aOa+/z induces a homomorphism of algebras Aa+ p , — > A a ® A M as follows. Consider 
the restriction of the comultiplication A of U(g ® A) to U(f) (8) A). It is not hard to see that 

Ann u( [, 0j4 ) 8U (f, 0A )(u;A ® C Ann u( f, 0A ) w A ® U(f) (8) A) + U(f) ® A) ® Ann u(f , (3A ) u^, 
and hence we have 

A(Ann u( [ )( g >j4 )(w A+M )) C Ann u{f)@3A) w A (8) U(rj ® A) + U(fj ® A) ® Ann u(f)0A) 

It is now immediate that the comultiplication A : U(rj ® A) — > U(fj ® A) ® U(f) ® A) induces a 
homomorphism of algebras Aa,^ : Aa+^ — > A\ ® A^. This endows any right Aa ® A^-module 
(hence, in particular, W A (A) ® W A (/i)) with the structure of a right AA+^-module. It was 
shown in [4] that ta iM is then a homomorphism of (q ® A, AA+^)-bimodules. Summarizing, we 
have 

Lemma. Let A s G P + , 1 < s < k and let A = X^s=i^s- The natural map W A (A) — > 
Wa(M) ® • • • ® W A (Afe) given by w\ h4 wa x ® • • • ® WA fc is a homomorphism of (g ® A, Aa)- 
bimodules. □ 

3.3. For A G P + , let mod Aa be the category of left AA-modules and let be the right 
exact functor from mod A a to the category of q ® A-modules given on objects by 



hi® a i-> sym^(a), i G I, a £ A 

induces an isomorphism of algebras sym^ : A\ — >■ A\. In particular, if A is a finitely 
generated integral domain then A\ is isomorphic to an integral subdomain of A r . □ 



W A M = W A (X) ® Aa M, 



M G mod Aa- 
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Clearly W A M is a weight module for g and we have isomorphisms of vector spaces 
(W A M) X ^ (W A (\)) X _ V » Aa M, n G Q+, 

(W A M) X (Wa(A)a) ®a a M w A 55c M. 
Moreover, ~W A M is generated as a g ® A-module by the space w\ <g>c M and 

W^M ^ W^iV A = /x, M ^ Aa JV. 

The isomorphism classes of simple objects of mod are given by the maximal ideals of A\. 
Given I G MaxA A , the quotient A\/l is a simple object of mod and has dimension one. 
The g <g> ^-modules W A A X /I are called the local Weyl modules and when A = Ui, i G / we 
call them the fundamental local Weyl modules. It follows that (W A A\/I)\ is also a one- 
dimensional vector space spanned by 

w X,Ax/l = W * ® 1- 

We note the following corollary. 

Corollary. Suppose that M G mod is finite-dimensional. Then W^M is finite-dimen- 
sional. In particular, the local Weyl modules are finite-dimensional and have a unique irre- 
ducible quotient V A M. 

3.4. We note the following consequence of Proposition 13. 11 

Lemma. For i G /, we have A UJi = A and W A {u)i) is a finitely generated right A-module. The 
fundamental local Weyl modules are given by 

W A l A/3 = W A (u)i) ® A A/3, 3 G Max A 

In particular, we have 

(h ® a)w UitA /i = 0, {h®b)w u . iA / 3 = 0Ji(h)w Ui ®b, h G f), a G J, b G A. □ 

3.5. The following lemma is a special case of a result proved in [3] and we include the 
proof in this case for the reader's convenience. 

Lemma. Let A be a finitely generated, commutative associative algebra. For 3 G Max^4 there 
exists N G Z + such that for all i £ I, 

(g®3 N )W" A i A/3 = 0. (3.4) 

Proof. Since q is a simple Lie algebra (|3.4p follows if we show that there exists N > such 
that 

(xg <g> 3 N )W^A/3 = 0. 

Since 

W^A/3 = U(n" ® A)^. )A/J , [a£,n-] = 0, 
it is enough to show that there exists N > such that 

{xg ®3 N )w WiA/ ~j = 0. 

We claim that is a consequence of showing that for j £ I there exists Nj G Z+, with 

(x- J ®3 N ')w UitA p = 0. (3.5) 
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To prove the claim, write Xq = [x~.^ [■ ■ ■ [x~. ^ , x~ t ]■ ■ ■] for some i±,...,i p G / and take 
N = 5Z?=i ■ To prove ()3.5|) . observe first that for j ^ i G I, k G / and for all a G A 

x t k i x aj ® a)wui,A/3 = h,j(hj ® 0)^,3 = 0, 

by Lemma [33] and the defining relations of Wa^i)- Thus, (x~. <g> a)w Wij A/3 £ (W°^ A/3) n+ 
and since ooi — aj we conclude that 

(x-.®A)wu. A p = 0, j + 

If j = i, then 

= (s+ (8) a)(x~ ) 2 u/ Wi = 2((x~ <g> <g> a) - (x~ <g> a))tu Wi . 
By Lemma [331 we have (hi (g) a)w Ui A/3 = if a G J, and so we get 

(x~. <g> o)w Wi) A/o =0, a G 3 
and (|3.5p is established. □ 

4. Fundamental global Weyl modules 

In this section we establish the main tool for proving Theorem [2j It is not, in general, clear 
how (or even if it is possible) to reconstruct the global Weyl module from a local Weyl module. 
The main result of this section is that it is possible to do so when A = coi and A = TZk,e for 
some k, I G Z + . 

4.1. We begin with a general construction. The Lie algebra (g <g> A) <8> A acts naturally 
on V <g> A for any g (g) A-module V. Suppose that A is a bialgebra with the comultiplication 
h : A — > A <g> A. (It is useful to recall that A is a commutative associative algebra with 
identity). Then the comultiplication map h induces a homomorphism of Lie algebras 1 Cg h : 
q <£) A — > q (S) A <g> A (cf. 11.21) and thus ag® ^-module structure on V (g> A. Explicitly, the 
(g (g> A, j4)-bimodule structure on V <g> ^4 is given by the following formulas: 

(x (8> a)(t> Cg) 6) = y^(a; (g a' s )t> eg) a"b, (v (g b)a = v <g> ba, v G V,a,b G A, 

s 

where h(a) = ^ s a' s <g> a". We denote this bimodule by (V <g> A)h and observe that it is a free 
right A-module of rank equal to dime V. It is trivial to see that (V (g> A)^ is a weight module 
for g (g A if F is a weight module for g <E> A and that 

((F ® A) h )n = Vf,®A, V n+ ® A ®Ac\(V® A) n +® A . 
Moreover, if V±, V2 are g <g ^-modules, one has a natural inclusion 

Hom 00A (Fi,F 2 ) ^Hom g0A ((F 1 ®A) h ,(V2®A) h ), 77^-77®!. (4.1) 



In particular, if V is reducible, then (V <g A)h is also a reducible (g ® ^-module. 
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4.2. Let hk/ : TZk,£ — > T^k,£ ® T^k,£ be the comultiplication given by, 

hfc/^ 1 ) = tf 1 <g> t^ 1 , h M (u r ) = u r <g> 1 + 1 <g) w r , 

where 1 < s < /c and 1 < r < Any monomial m £ 7£fc ^ can be written uniquely as a product 
of monomials 

m = m^rm, m t G C[tf\ . . . ,t k \ m n G C[tti, . . . ,U(\. 

Set degt^ 1 = ±1 and degu r = 1 for 1 < s < A;, 1 <r < £ and let deg 4 m (respectively, deg u m) 
be the total degree of m t (respectively, m u ) and for for any / G A define deg t / and deg u / in 
the obvious way. The next lemma is elementary. 

Lemma. Let m = m^m^ be a monomial in TZk/- Then mt G T^te, hk,l( m t) = m t <g nit and 
h k ,e(m) = m <g> m t + ^ m' u q m t <g> m^ q m t = m t <g> m + ^ m'' iq m t <g> m' uq m t , (4.2) 

where m' u ,m'^ q are (scalar multiples of) monomials in the u r , 1 < r < £, such that if 
m' uq / 0, m" i(? ^ 0, £/ien deg u m' ug < deg u m and deg n m^ + deg u m" q = deg u m. D 

4.3. For the rest of the section A denotes the algebra lZk,t for some k,£ G Z + and 3 the 
ideal of A generated by the elements {t± — 1, . . . , t^ — l,u±, . . . , u#}. 

Suppose that 3 G Max 7^^. It is clear that there exists an algebra automorphism cp : 
lZk,e —> TZk,e such that </9(J) = 3. As a consequence, we have an induced isomorphism of 
g (g) A-modules, 

W^A/3 ^ (1 ® (pfVf^A/Z. (4.3) 

Moreover, if we set 

then ^ also defines a bialgebra structure on A and we have an isomorphism of g <g A- modules 

(1 ® <p)*(yV%A/3 (8 A) hM - ® A) hj?/ (4.4) 

This becomes an isomorphism of (g® A, A)-bimodules if we twist the right A-module structure 
of {W^A/Z®A) Ki by if. 

4.4. We now reconstruct the global fundamental Weyl module from a local one. 

Proposition. For all i E I, the assignment w Ui i— > w u .^p ® 1 defines an isomorphism of 
(gig) A, A)-bimodules 

W A (oJi)^(W%Ap<gA) hkA . 

Remark. It is clear from (|4.4p and Section 11.71 that one can work with an arbitrary ideal 3 
provided that h^/ is replaced by hj^, where ip is the unique automorphism of A such that 

Proof. The element w u . jA p ® 1 G (W^A/3 <g> A)^ satisfies the relations in Definition 11.71 and 
hence the assignment w Ui w^.^p <g 1 defines a homomorphism of g <g A-modules 

P :W A (u l )^(W^A/3^A) hke . 
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We begin by proving that p is a homomorphism of right j4-modules. Using Lemma 13.41 and 
the definition of the right module structure on Wa(wi) we see that 

p^uw^Ja) = p(u(hi <g> a)w Ui ) = u{hi ® a) (w^^a/i ® 1), u G U(g 0i),a£ A. 

This shows that it is enough to prove that for any monomial m in i, we have 

{hi <g> m)(w UitA / 3 ® 1) = w UitA / 3 <8> m. (4.5) 

Write m = m^m^ and observe that m; — 1 G 3 while 

deg u m > => m G 3. 

Using (|4.2j) we get 

h fc ,£(m) - l®m£3®i 
and since (/ij ® J ® ^Xw^.^n ® 1) = by Lemma l3~4"l we have established (|4.5p . 
To prove that p is surjective we must show that 

u(a ® ® i) = (w^A/a ® A) hM , 

and the remarks in Section 14.11 show that it is enough to prove 

(W^/J) Ur ,®icU( fl ®i)K, A/ ,®l), rj G Q + . (4.6) 

The argument is by induction on ht rj, the induction base with ht 7/ = being immediate 
from ()4.5[) . For the inductive step assume that we have proved the result for all r/ G Q + with 
ht 77 < k. To prove the result for htr? = k, it suffices to prove that for all j G / and all 
monomials m in ^4 we have 

((x~. <g> m)u>) U(g ® A)(w UitA / 3 ® 1), 

where w; G (W^A/J)^..^/ with ht?/ = A; — 1 and g G A. For this, we argue by a further 
induction on deg u m. If deg M m = then m = mj and we have 

(Or" ® m)(w) ® 5 = (ar~ m)(io ® m"^) G U(g ® A)(W^A/J) aJ ._ r7 ,. 

This proves that the induction on deg u m starts. If deg M m > we use (|4.2p to get 

® m)w) 5 = (x~ ® m)(u> ® m" 1 ^ - ® m^ g m t )w) ® m^p. 

<? 

Both terms on the right hand side are in U(g ® ^(W^A/l?)^—,/: the first by the induction 
hypothesis on ht rf and the second by the induction hypothesis on deg u m. This completes the 
proof of the surjectivity of p. 

To prove that p is injective, recall from Section I4TT1 that (W^A/J ® A)^ k t is a free right 
^-module of rank equal to the dimension of W^A/3. Hence if K is the kernel of p we have 
an isomorphism of right A-modules, 

W A (u>i) = K® (W^A/3 ® A) hk e . 

Using (|4,3p we see that for any maximal ideal Z in A, 

dim(W^(wi) ® A A/3) = dim A/Z = dim A/3 = dim((W^/a ® A) hk>e ® A A/Z). 

Therefore, K ®a A/Z = and so by Nakayama's Lemma K% = for all Z G Max A Thus, 
if = 0. □ 
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5. Proof of Theorem [2] and Corollary 12.21 

We continue to assume that A = 1Zk,e, k,£ £ Z + and that 3 is the maximal ideal of A 
generated by {t\ — 1, . . . , t/- — 1, u\, ■ ■ ■ , ui}. We also use the comultiplication h^/ and denote 
it by just h. Let WIa C A be the set of monomials in the generators u r , tf 1 , 1 < r < £, 
l<s<k. 

5.1. The following proposition, together with Lemma 13.51 and Proposition 14.41 completes 
the proof of Theorem [2j 

Proposition. Suppose that V s , 1 < s < M are q ® A-modules such that there exists N € Z + 
with 

(n + ® 3 N )V S = 0, 1 < s < M. (5.1) 

Then 

((Vi ® A) h ® • • • ® (Vm ® A) h ) n+ ® A = (^ n+0A ® A) h ® • • • ® (V^ + ® A ® A) h . 

5.2. The first step in the proof of Proposition 15. 1 1 is the following. We need some notation. 
Let V be a q ® A-module and let i^T € Z + . Define 

VS^ = {v G y : (n + ® m)v = 0, m € | deg t m| > K}. 
Note that V> = V n+ ® A . 

Lemma. Let V be a q<S> A-module and K G Z+. T/ien 

((V ® A) h )> K = V>k ® A. (5.2) 

In particular, 

{V®A) n h r ® A = V n+ ® A ®A. (5.3) 

Proof. Let % £ (V ® A)h and write, = J2 P v p ® 5p> where {g p } p is a linearly independent 
subset of A. By (j4.2j) we have 

(x (g) m)v h = ^(x <g> m)up <g> m t g p + ^(x ® m' u q m t )v p ® m" j? m t g p . 

P P,9 

with deg u m(j ? < deg M m. Since deg t m^rm = deg t m, it follows that 

V> K ® A c ((V ® A) h )> K . 

We prove the reverse inclusion by induction on deg M m. Let Vh G ((V ® A)h)>K and let 
deg t m > K. If deg u m = 0, then 

= (x ® m)uh = ^^(x ® m)fp ® <7pm. 
p 

Since the set {g p m} p is also linearly independent, we see that (x ® m)t> p = for all p. If 
deg M m > 0, we use (|4.2p to get 

= (x ® m)u h = y~)(x ® m)u p ® m^p + ^(x ® m^m*)^ ® m'^ q m t g p . 
p p,g 
Since deg u m^ < deg u m all terms in the second sum are zero by the induction hypothesis, 
and the linear independence of the set {m t g p } p gives (x ® m)v p = for all p. □ 
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5.3. 

Proposition. Let U,V be g (8 A-modules and suppose that for some N € Z + 

(n + ®3 N )V = 0. 

Then 

(U <8 (V <8 A) h ) n+ ®^ = <8> (T/ n+ ®^ A). (5.4) 

Before proving this proposition, we establish Proposition ^. 11 The argument is by induction 
on M, with (15 .3D showing that induction begins at M = 1. For M > 1, take 

U = (Vi <8 A) h <8 • • • (8 (Vm_i (8 A) h , V = Vm- 

The induction hypothesis applies to J7 and together with Propsition l5.3l completes the inductive 
step. 

5.4. 

Lemma. Let A = lZk,e with k > 0. Let V be a g® A-module and suppose that (n + ®3 N )V = 
for some N € Z+. T/ien /or a// if € Z + we /iaue 



yn+®A = y >K 



Proof. It suffices to prove that V>k C V>k—i for all if > 1. Since (1 — t 1 ) € 3 we have 

= (i ® m(l - J^ju = (x ® m)u + ^](-l) s |^ J (x <8 mtf s )v, (5.5) 

for all x € n + , m € SDTa and u € V Suppose that v € V>k and take m E OJt^ with 
Ide gt mj = K — 1. If deg t m > (respectively, deg t m < 0) then | deg 4 mtf | > K (respectively, 
| deg t mtr s | > K) for all s > 0. Thus we conclude that all terms in the sum in (|5.5p with the 
appropriate sign choice equal zero hence (x (8 m)v = and so v € V>k-i- □ 

5.5. 

Lemma. Let A = Hq £. Let V be a g £8 A-module and suppose that (n+<8 3 N )V = for some 
N G Z+. Let K > N e Z+. Then 

V n+®A ®A = {v h e(V® A) h : (n+ (8 m)v h = 0, m € SOTa, deg n m > if } (5.6) 

Proof. Since (V (8 A)h is a (g (8 A, A)-bimodule the sets on both sides of (|5.6p are right A- 
modules. Hence if is an element of the set on the right hand side of (|5,6p then v^u? is also 
in the right hand side of (15. 6p for all s £ Z + . Write Vh = ^2 p v p <S> g p , where {g p } p is a linearly 
independent subset of A. Since the Uj, 1 < j < I are primitive and Uj € 3^ if s > iV, we have 
for all < r < iV 

JV 



O = (,0 uf +Ar - r) )( Vh )nf = J2 (E^ ® u i H) ® «r 8* 

s=0 p 

N / v. 
= E T + r " 1 ( £«* ® 8 «f ^ 

s=0 ^ / T. 
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We claim that the matrix C(N, K) = (( + ^ s ))o<s,r<N is invertible. Assuming the claim, we 
get 

® uf)v p ) ® uf +N - s) g p = 0, < s < N, 

p 

and since the g p are linearly independent this implies that 

(x®u < f ) )v p = 0, 0<s<N 

and so (x ® uj)uh = for all x G n + , s G Z+. 

Now, let m G 931,4 and let a G <3? + . Then (/i Q ® m)i>h is also an element of the right hand 
side of (I5.6P and hence by the preceding argument, we get 

= (x a ® l)(h a ® m)t! h 
= (/iq, ® m)(x Q ® l)uh — 2(x a ® m)uh = — (2x Q ® m)«h, 

thus proving that t> h G (V ® = y n+ ® A ® ,4 by (Oil . 

To prove the claim, let u be an indeterminate and let {p r £ C[u] : < r < N} be a col- 
lection of polynomials such that degp r = r (in particular, we assume that po is a non-zero 
constant polynomial). Then for any tuple (ao, • • • , ajv) S C^ 1 , we have det(p r (a s ))o< r ,s<Af = 
cdet(a^) < r>s <Ar = cY\ 0<r<s<N (a s — a r ), where c is the product of highest coeffcients of the p r , 
< r < N. Since ("J is a polynomial in u of degree r with highest coefficient 1/r!, we obtain 
with a s = N + K — s, 

N _ 1 

det C(iV, if) = (j]r!) ( r - s ) = (-l)^+ 1 )/ 2 . □ 

r=l 0<r<s<N 

5.6. Now we have all the necessary ingredients to prove Proposition 15.31 

Proof of Proposition \5. 31 Let G (U ® (V ® ^4)h) n+<x,j4 and write = X) P s Ws ® ® ft" 
where {w s } s and are linearly independent subsets of J7 and A respectively. We have 

= (x ® m)ti h = ^ (((x ® m)u> a ) ® u Sj p <8> g p + u> s ® (x ® m)(« ajP ® g p )j (5.7) 

s, P 

= y^x( x ® m ) w s) ® «sj> ® ^ 

s, P 

+ ^ w s ® f(s ® m)t> SiP ® g p m t + ^(x ® m' uq m t )v S:P ® m^m^p) , (5.8) 

s,p g 

Suppose first that A = 1Zk,£ with fc > and let K = max p | deg 4 g p \ + 1. If m is such that 
Ide g t m| > K, then the set {g p } p is linearly independent from the set {m'^ q mtg p } Pt q and hence 
we must have that 

2j((x ® m)u; s ) ® u SjP ® # p = 0, ® (x ® m)(i> SjP ® g p ) = (5.9) 

s, P s, P 
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and using the linear independence of the elements {u> s }s we conclude that for all s 

^2(v s ,p ® g p ) E ((V ® A) h )>^ = V>k ® A = V n+ ® A ® A, 
p 

using (15.2j) and Lemma 15.41 This proves Proposition 15.31 in the case when k > 0. 

Suppose now that A = TZo/ and let iV G Z + be such that (n + ® = 0. Let K = 

N + 1 + maxp {deg u g p } and let x G n + . If deg u m > then m G 3^ and so (a; ® m)-u S]P = 0. 
Furthermore, (x ® m' uq )v StP ^ implies that deg u m' uq < N. By Lemma [431 it follows that 
deg u m" (J > max p {degg p }. Therefore, the non-zero terms, if any, in the second sum in (|5,8p 
are linearly independent from those in the first sum and we obtain (|5.9p . Furthermore, we 
have 

= Yl Yl ( x ® m u,g) v s,P ® m u,q9p 

P {q:dcg u m' uq <N} 

and as before we conclude that (x ® m' uq )v StP = when deg u m' uq < N. Thus, (x ® 
m ) ( v s,p ® 9p) = f° r an s an d it remains to apply Lemma 15.51 □ 

5.7. We conclude this section with a proof of Corollary 12.21 The following is a special case 
of Theorem 7.1 and Proposition 7.7 of [3]. 

Theorem 4. Let 3 G Max A, where A = lZ k ^. Then 

dim(W^/:jr + ^ = dim(W^^/a)^ = 1, i G J , 

If jj is of type £? n or D n and i Iq then 

j + k- V 



6im<yr2A/i)£* A 



, /i = Ui-2j, i - 2j > 
where il>q = 0. □ 



Another way to formulate this result is the following. The subspace (W^ 1 A/3) n ® is an 
f)-module with character given by 

ch(w-w +0A = E 



j:i-2j>0 



Hence, using Theorem [21 we get 

chW A (s) n+ ^ A = Yl(ch(W^A/3) n+ ® A ) s \ 

iei 

and Corollary 12.21 follows. 

6. Proof of Theorem [3] 

Given s G Z+, define /i s G P + by /i s = X^ei" an< ^ Ts 1 ^a(Ms) - ► H^(s) be the 
natural map of (g ® .A, A)-bimodules defined in the above lemma and satisfying ^(u^J = w s . 
Since ^(s)^ = w s ® A s , we see that any non-zero element t of Hom 0( g, J 4(M / A(/Us), Wa(s)) is 
given by composing t s with right multiplication by an element of A s , i.e. r = r s a with a G A s . 
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6.1. 

Lemma. Assume that A G P + and s G satisfy 

(i) any non-zero element o/Hom^^W^A), Wa(s)) is injective, 

(ii) the map t s : W^(/j s ) — > IU4(s) «s injective. 

Then any non-zero element of Hom g8)j 4(Wyi(A), Wa{^s)) is injective. Moreover, if Si = /or 
all i £ Iq, then 

Hom g0A (W A (A), Wa(Ms)) = 0, A ^ /x s . 

Proo/. Let G Homg^W^A), W A {^ S ))- If ?? ^ 0, then t s • n G Hom B ^ j4 (W0 1 (A), Wa(s)) is 
non-zero since r s is injective. Hence t s ■ rj is injective which forces rj to be injective. If we 
now assume that A / |i s and that Si = if i (ji 1$, then it follows from Corollary 12.21 that 
Hom g( g 1 ^(1^4(A), VFyi(s)) = and hence it follows that r\ = in this case. □ 

Remark. Using Theorem [H we see that if q is of type B n or D n with n > 6 and % = 4, then 
(W^M/3)|£® A or equivalents 

Hom 08A (W^M/J, W^M/a) / 0. 

Using Proposition 14.41 and (|4.ip we get 

Hom fl ^(T^(w 2 ), W^c*^)) / 0, 

which in particular proves that the last assertion of the above Lemma and hence Theorem [3] 
fail in this case. 

6.2. From now on, we shall assume that s G Z+ is such that si = if i ^ Iq. By 
Corollary 12.21 we see that Hom gg)y i(W^(A), lfi(^ s )) = if A ^ fi s and the first condition of 
Lemma |6. II is trivially satisfied. Hence Theorem [3] will follow if we show that fi s satisfies both 
conditions in Lemma [6. 11 By the discussion at the start of Section 5, we see that proving that 
li s satisfies the first condition is equivalent to proving that r s a is injective for all a G A s . In 
other words, Theorem [3] follows if we establish the following. 

Proposition. Let s G be such that Si = if i £ Iq. For all a G A s , the canonical map 
r^a : Wa(Hs) — > Wa(s) given by extending u> Ms — > w s a is injective, in the following cases: 

(i) A = K ,i or TZ 1>0) 

(ii) A = Kk,t, = s[ n+ i and s = (s, 0, . . . , 0) G Z J + , s > 0. 
The rest of the section is devoted to proving the proposition. 

6.3. We begin by proving the following Lemma. 

Lemma. Let A be a finitely generated integral domain. Let s G Z^ be such that Sj = if 
i £ Iq. Then r^a : Wa(^ s ) Wa(s) is injective for a G A s \ {0} if and only if r^ s is 
injective. 

Proof. Consider the map p a : Wa(s) — > Wa(s) given by 

Pa(w) = wa, w G Wa(s). 
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This is clearly a map of (g ® A, A s )-bimodules. Since 

W A (s)^ s =w s ®A s , 

and A s is an integral domain, it follows that that the restriction of p a to Wa(s)u, s is injective, 
and so 

kerp a nW A (s)^ s = {0}. 

Since wt Wa(s) C p s — Q + , it follows that if ker/5 a is non-zero, there must exist w' G ker p a 
with 

(n + <g> A)w' = 0. 

But this is impossible by Corollary 12.21 and hence ker p a = 0. Since r^a = p a 7u s > the Lemma 
follows. □ 

6.4. We now prove that r Ms is injective. This was proved in [6] for g = 5I2 and A = !Z\fi 
and in [7] for g = st n +i, s = (s, 0, . . . , 0) G Z™ , s > and for any finitely generated integral 
domain A. 

Since 

T s W A {p s )^ — A^ s (U(fl® ^H)^ — a^ s A Ms , 
the following proposition completes the proof of Proposition 16.21 

Proposition. Let p G P + and let tv : Wa(p) —^Wbea surjective map of (g <g> A, A^)-bi- 
modules such that the restriction of ir to Wa{p)^ is an isomorphism of right A^-modules. If 
A = 7£o,i or TZ\fi and p = X^e/ SiUJi ' ^ en n ^ s an isomorphism. 

6.5. Assume from now on that A is either 7£o,i or T^o- The following is well-known. 

Proposition. For all r G Z + , the ring (TZqi) St is isomorphic to 1Zq )T and (7£fo) 5r * s isomor- 
phic to C[ti, t2, ■ ■ ■ , trjt' 1 ] . 

The proposition implies that Max is an irreducible variety. Given A G P + , define 
T>\ C Max A\ by: I G T>\ if and only if the SV A -orbit of sym A I is of maximal size, i.e, sym A I 
is the 5 rA -orbit of ((t — . . . ,(t — ai in ), . . . , {t — a n> i), . . . , {t — a n .,r n )) G (Max74) XT " A for 
some Oi^ r G C (respectively aj jr G C x ) with ai :T 7^ aj jS if (z,r) ^ (J, s). The set of such orbits 
is clearly Zariski open in MaxA^. Since sym A induces an isomorphism of algebraic varieties 
MaxA^ —> Max A^, we conclude that T>\ is Zariski open, hence is dense in Max A^. Therefore, 
given any non-zero a G A\ there exists I G T>\ with a ^ I. 

6.6. We shall need the following theorem. 

Theorem 5. Let A = 7\?-o,i or 7^1,0 and let A = Y2iei r i U} i ^ ^ + ■ 
(i) The right A\ -module W^(A) is free of rank d\, where 

d x = H(d\mW%(A/3)) r % 

for any 3 G Max A. 
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(ii) Let I G V\. Then 

W^(A A /I)-(g)(g)W^(^A, r ), 

r=l 

where 3i >r G Max A is the ideal generated by (t — ai )T ). If, in addition, we have r i = for 
i <$l Iq, then W A (A\/T) is an irreducible g ® A- module. 

Part (0) of the Theorem was proved in [6] for SI2, in [5] for st r+ i and in [8] for algebras 
of type A,D,E. The general case can be deduced from the quantum case, using results of 
[TJ [TO] [14"] . Part ([ii|) of the Theorem was proved in [6] in a different language and in [3] in the 
language of this paper. 

6.7. 

Proof of Proposition \h\4\ Let {tD<j}i< s <d M be an A^-basis of Wa(/J>) (cf. Theorem [5]Ji])). Then 
for all I G max A M , {u; s <8> l}i< s <d M is a C-basis of W^A^/I. Suppose that w G ker-7r and 
write 

w = ^2 w s a. s , a s G A M . 

8=1 

If w 7^ 0, let a be the product of the non-zero elements of the set {a s : 1 < s < d^}. Since A^ 
is an integral domain we see that By the discussion in Section T6.5I we can choose I G T>^ 

with a ^ I. Then a s ^ implies that a s ^ I and hence w := w (8> 1 = Ylt=i w s®&s 7^ 0, where 
a s is the canonical image of a s in A^/I. Notice that Theorem [5]Jii]) implies that W^(A^/I) is 
a simple q <g> ^-module. 

Since 7v is surjective, W is generated by it{w^). Setting W = tt(Wa(^)1), we see that 

w; = tt((wa(m)i)m) = ^K) 1 - 

In particular, this proves that ^{w^) ^ W, hence W' is a proper submodule of W and 

(wviy')i = 0. 

This implies that tv induces a well-defined non-zero surjective homomorphism of q ® A— 
modules 7r : W^(A^/I) — > W/W — > 0. In fact since W^(A^/I) is simple, we see that 7r is 
an isomorphism. But now we have 

= ir(w) = 7r(w), 

forcing w = which is a contradiction caused by our assumption that w^0. 

The proof of Proposition 16.41 is complete. □ 
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